We discuss the relation between algae of Newton polynomials of lattice triangles and McKay quivers, following Hanany and Vegh and Feng, He, Kennaway and Vafa.
Introduction
A lattice polygon is a subset of R 2 obtained as the convex hull of a finite subset of Z 2 . To a lattice polygon ∆, one can associate a three-dimensional fan whose top-dimensional cone is generated by (v, 1) ∈ R 2 × R for v ∈ ∆. When ∆ is a triangle, the toric variety associated to this fan is the quotient C 3 /A of C 3 by an abelian subgroup A of SL 3 (C). To such a subgroup, one can associate the McKay quiver defined in terms of the representation theory of A. By Bridgeland, King and Reid [1] and Craw and Ishii [2] , the derived category of coherent sheaves on any projective crepant resolution of C 3 /A is equivalent to the derived category of representations of the McKay quiver of A.
Recently, a new method to obtain quivers with relations from a lattice polygon is proposed by Hanany and Vegh [9] . A novel feature of their method is that a new object called a brane tiling is involved. It is a bipartite graph on a 2-dimensional torus which encodes the information of a quiver with relations. There is a considerable amount of physics literature on brane tilings; see e.g. [4, 5, 8] for works before Hanany and Vegh, and [6, 7] and references therein for some of subsequent development. The modest goal of this note is to give a rigorous formulation of the method of Hanany and Vegh in the case of lattice triangles, and to show that the resulting quiver is the McKay quiver of the corresponding subgroup of SL 3 (C). We also discuss the relation with the alga of a Newton polynomial of ∆ following Feng, He, Kennaway and Vafa [3] .
Definitions and notations
We collect basic definitions and notations in this section. A quiver consists of
• a set V of vertices,
• a set A of arrows, and
For an arrow a ∈ A, s(a) and t(a) are said to be the source and the target of a respectively. A path on a quiver is an ordered set of arrows (a n , a n−1 , . . . , a 1 ) such that s(a i+1 ) = t(a i ) for i = 1, . . . , n − 1. We also allow for a path of length zero, starting and ending at the same vertex. The path algebra of a quiver is the algebra spanned by the set of paths as a vector space, and the multiplication is defined by the concatenation of paths. A quiver with relations is a pair of a quiver and an ideal I of its path algebra.
A bipartite graph on an oriented surface S consists of
• a set B ⊂ S of black vertices,
• a set W ⊂ S of white vertices,
• a set E of edges,
• a map w : E → W , and
• a continuous map l e : [0, 1] → S for each e ∈ E such that l e (0) = b(e), l e (1) = w(e), and l e (t) = l e ′ (t ′ ) for e = e ′ and 0 < t, t ′ < 1. The McKay quiver of an abelian subgroup A of SL 3 (C) is defined as follows: First diagonalize A and assume that A is a subgroup of {(α, β, γ) ∈ (C × ) 3 | αβγ = 1}. For i = 1, 2, 3, let π i : A → C × be the i-th projection, viewed as a one-dimensional representation of A. Then the set of vertices of the McKay quiver of A is the set Irrep(A) of irreducible representations of A, and for each vertex ρ, there exist three arrows x ρ , y ρ , and z ρ such that
As for the relations, define elements of the path algebra by x = ρ x ρ , y = ρ y ρ , and z = ρ z ρ . Then the ideal of relations is generated by xy − yx, xz − zx, and yz − zy.
Description of the algorithm
The following algorithm to obtain a quiver with relations from a lattice triangle is introduced by Hanany and Vegh [9] :
From triangles to bipartite graphs Let ∆ be a lattice triangle, i.e., the convex hull of three points in Z 2 not on the same line. Fix any order on the set of edges of ∆. For i = 1, 2, 3, let m i be the number of lattice points in the interior of the i-th edge, and n i be its outward normal vector. Draw m 1 + m 2 + m 3 + 3 oriented lines on the torus T = R 2 /Z 2 so that m i + 1 of them goes in the direction of n i at even intervals for i = 1, 2, 3, and no three distinct lines pass through one point. Such lines divide the torus into triangles and hexagons, and the boundary of every triangle is oriented. We call a triangle white (resp. black) if the orientation of its boundary is positive (resp. negative). Note that a triangle can intersect only with triangles with the different color, and for any two triangles, their intersection is at most one point.
Let us illustrate this procedure in the cases of triangles ∆ 1 and ∆ 3 whose sets of vertices are {(0, 0), (1, 0), (0, 1)} ( Figure 1 ) and {(1, 0), (1, 0), (−1, −1)} ( Figure 5 ) respectively. The corresponding toric variety is C 3 for ∆ 1 and
where Z/3Z acts on C 3 by multiplying each coordinate simultaneously with the cubic root of unity. The lines on the torus in these cases are shown in Figure 2 and Figure 6 .
From such a configuration of lines on the torus, one can define a bipartite graph as follows: The set of black (resp. white) vertices is the set of centers of gravity of black (resp. white) triangles, and the set of edges is the set of intersection points of triangles. For an edge e, b(e) (resp. w(e)) is the center of gravity of the unique black (resp. white) triangle containing e, and l e is the line segment stretching from b(e) to w(e). The graphs for ∆ 1 and ∆ 3 are shown in Figure 3 and Figure 7 respectively.
From bipartite graphs to quivers
One can associate a quiver (V, A, s, t, I) with relations to a bipartite graph (B, W, E, b, w, (l e ) e∈E ) on an oriented surface S as follows: The set V of vertices is the set of connected components of the complement S \ ( e∈E l e ([0, 1])), and the set A of arrows is the set E of edges of the graph. For a ∈ A = E, s(a) (resp. t(a)) is the connected component on the left (resp. right) of l a . For each arrow a ∈ A, there exist two paths p + (a) and p − (a) from t(a) to s(a), the former going positively around w(a) and the latter going negatively around b(a). Then the ideal I of the path algebra is generated by p + (a) − p − (a) for a ∈ A. The quivers for ∆ 1 and ∆ 3 are shown in Figure 4 and Figure 8 respectively. Theorem 1. Let ∆ be a lattice triangle and A be the abelian subgroup of SL 3 (C) such that C 3 /A is the toric variety associated to the fan whose topdimensional cone is generated by ∆ × {1}. Then the quiver with relations obtained from ∆ by the above algorithm is the McKay quiver of A.
Algae and bipartite graphs
In this section, we discuss the alga of a Newton polynomial of ∆ and its relation with the bipartite graph given by the above algorithm, following Feng, He, Kennaway and Vafa [3] .
The alga of a Laurent polynomial
For a lattice triangle ∆, let Alg(∆) denote the alga of its Newton polynomial obtained as the sum of monomials corresponding to its vertices. Since translations of ∆ do not affect Alg(∆), one can assume that one of the vertices of ∆ is at the origin. Then there exists an integral matrix P ∈ M 2 (Z) such that det(P ) > 0 and
where ∆ 1 is the triangle appearing in Figure 1 and P T denotes the transpose of P . In such a case, it follows from the definition that the alga Alg(∆) is given by π • P −1 • π −1 (Alg(∆ 1 )), where π : R 2 → T is the natural projection. The alga Alg(∆ 1 ) can be described explicitly as follows: The zero locus of x + y + 1 is P 1 minus three points, which is obtained by gluing two disks
along three intervals Figure 9 : the alga for ∆ 1 Figure 10 : the glued surface
and
as in Figure 9 . Orient T in the standard way. Then the argument map gives an orientation-reversing homeomorphism from D 1 to U 1 and an orientationpreserving homeomorphism from D 2 to U 2 , and maps I 1 , I 2 , and I 3 to ( ) respectively. Now an important discovery of Feng, He, Kennaway and Vafa [3] is that the alga Alg(∆ 1 ) coincides with the triangles appearing in Figure 2 , and the color of the triangle indicates whether the argument map is orientationpreserving or reversing. Since any lattice triangle has the form P T (∆ 1 ) as in (1) and both the algorithm of Hanany and Vegh and the procedure of taking algae for lattice triangles commute with the action of P , the same is true for any lattice triangle. This allows the following topological description of the zero locus of the Newton polynomial of ∆ in terms of the bipartite graph:
• To each vertex v ∈ B ∪ W , associate an oriented disc D v with three boundaries (i.e., a closed disk with three open intervals removed from its boundary).
• For each edge e ∈ E, glue two disks D b(e) and D w(e) along their boundaries. This gluing process must respect the cyclic ordering of three boundaries of a disk and that of three edges connected to a vertex. Here, the cyclic ordering of three boundaries of a disk comes from its orientation, and the cyclic ordering of three edges connected to a white (resp. black) vertex is the one coming from the orientation of T (resp. the different one from the above). The result of this gluing for ∆ 1 is shown in Figure 10 . In the case of ∆ 3 in Figure 5 , the alga and the glued surface are shown in Figure 11 and Figure 12 respectively.
The vertices of the quiver are in one-to-one correspondence with hexagons in the bipartite graph. To each such hexagon corresponds a cycle on the alga, which gives a cycle on the zero locus of the Newton polynomial by pullingback by the argument map. An example of such a cycle for ∆ 3 is shown in Figure 13 and Figure 14 . Note that there are three such cycles corresponding to three hexagons in Figure 7 , and their configuration shown in Figure 15 is identical to that in [14, Figure 2 ].
Identification with the McKay quiver
In this section, we discuss the relation between the alga Alg(∆) and the McKay quiver corresponding to a lattice triangle ∆. Let P be the integer matrix such that ∆ = P T (∆ 1 ). Then the toric variety corresponding to ∆ is the quotient C 3 /A, where A is the kernel of the map T = (R/Z) 2 → T induced by the linear map
Here, T is considered as a subgroup of SL 3 (C) by the map
Recall that the set V of vertices of the quiver obtained by the algorithm of Hanany and Vegh is in natural one-to-one correspondence with the set of hexagons constituting the alga complement T \ Alg(∆). Therefore, we identify V with the set of centers of gravity of these hexagons. Now we define a map V ∋ v → ρ v ∈ Irrep(A) from V to the set of irreducible representation of A as follows: For each vertex v ∈ V , there exist three outgoing arrows in the directions of
which we call x v , y v , and z v respectively. For i = 1, 2, 3, let π i be the representations of A given by the composition of the inclusion
with the i-th projection. Consider the following two conditions:
• (0, 0) ∈ T \ Alg(∆) goes to the trivial representation.
• For each vertex v ∈ V , one has
Then there exists a unique map satisfying the above conditions, which gives an identification of the quiver obtained by the algorithm of Hanany and Vegh with the McKay quiver of A. The description of the McKay quiver as (the dual of) a hexagonal tiling on a torus can be found in, e.g., Reid [13] and Ishii [10] , and goes back at least to Nakamura [12] .
From bipartite graphs to triangles
In this section, we prove that the Newton polygon of the characteristic function of the bipartite graph obtained from a lattice triangle ∆ by the algorithm of Hanany and Vegh is ∆ itself.
A perfect matching of a bipartite graph is a choice of a subset D ⊂ E of the set of edges of the graph so that for any vertex v ∈ B ∪ W , there exists a unique edge e ∈ D connected to v. We will identify a perfect matching of a graph on the torus T with the periodic perfect matching obtained by pulling it back to R 2 . Fix a reference perfect matching D 0 . Then for any perfect matching D, the union D ∪D 0 divides R 2 into connected components. The height function h is a locally-constant function on R 2 \ (D ∪ D 0 ) which increases (resp. decreases) by 1 when one crosses an edge e ∈ D with the black (resp. white) vertex on his right or an edge e ∈ D 0 with the white (resp. black) vertex on his right. This rule determines the height function up to an additive constant. The height function may not be periodic even if D is periodic, and the height change (h x , h y ) ∈ Z 2 of D is defined to be the difference
of the height function. For a bipartite graph, its characteristic polynomial K(x, y) ∈ C[x ± , y ± ] is defined as the sum
hy over the set of perfect matchings. If one changes the choice of a reference matching, K(x, y) will be multiplied by a monomial. By taking the Newton polygon of K(x, y), one obtains a lattice polygon. In the case of the bipartite graph in Figure 3 , there exist three perfect matchings shown in Figure 16 . If one takes D 1 as the reference matching, the characteristic polynomial is
whose Newton polygon is ∆ 1 . When one starts from a lattice triangle ∆ = P T (∆ 1 ) for P = (p ij ) 2 i,j=1 ∈ M 2 (Z), the resulting bipartite graph is the image by P −1 of the graph in Figure 3 . To show that the Newton polygon of this graph is ∆, we have to prove that (a) there exist perfect matchings with height changes (0, 0), (p 11 , p 12 ), and (p 21 , p 22 ), and (b) for any perfect matching, its height change satisfies (h x , h y ) ∈ ∆. First, we change the point of view and think of the action of P not as shrinking the graph but as enlarging the period lattice of the torus from Z 2 to P (Z 2 ). Then the perfect matchings D 1 , D 2 and D 3 are periodic with respect to this enlarged lattice, and if one takes D 1 as the reference matching, the height changes for D 2 and D 3 with respect to the enlarged lattice are (p 11 , p 12 ) and (p 21 , p 22 ) respectively. Now suppose given a perfect matching which is periodic with respect to the enlarged lattice with height change (h x , h y ). Then for some large enough natural number n, it is periodic with respect to the lattice (nZ) 2 . By [11, Theorem 3.3] , the characteristic polynomial for the graph with period (nZ) 2 is given by
where K 1 (x 0 , y 0 ) is the characteristic polynomial for ∆ 1 in (2). This shows that the height change of this matching with respect to (nZ) 2 is contained in n∆ 1 , which implies (h x , h y ) ∈ ∆. 
